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To compute the homology of a group with coefficients in a G-module M we use F ⊗G M where F is a
projective ZG-resolution of Z. For equivariant homology the idea is that our coefficients will not be a single
G-module, but a chain complex of G-modules C = (Cn), and we set

H∗(G, C) = H∗(F ⊗G C)

where we consider the total complex of the bicomplex F ⊗G C for the purposes of taking homology (with
the obvious differentials coming from F and C)(The (p, q)-entry is Fp ⊗G Cq).

One natural place to find a chain complex of G-modules is G-CW-complexes. Let X be a G-CW-complex,
and let C = C(X) be the associated cellular chain complex. Then we define equivariant homology as

HG
∗ (X) := H∗(G, C(X)) = H∗(F ⊗G C(X))

We define coefficients as follows,
HG
∗ (X,M) = H∗(G, C(X,M))

where C(X,M) is the cellular chain complex for X with coefficients in M , i.e., Cp(X,M) = Cp(X)⊗Z M .

Example. (Homology of a point = •)
Let’s compute HG

∗ (•). We have the following cellular chain complex:

C(•) : 0← Z← 0← 0← · · ·

and thus F ⊗G C(•) collapses to the row F ⊗G Z in row 0, with all other rows in the bicomplex 0s. Hence
the total complex is also just F ⊗G C(•) and taking its homology recovers exactly the definition of group
homology of G

HG
∗ (•) = H∗(G)

1 Spectral Sequences

Now by considering the two natural filtrations of the total complex, the first and the second filtrations, we
obtain two spectral sequences both converging to HG(X).

(Total Complex) Let ∂′ be the differential on F and ∂′′ the differential on C. We use the following
conventions: deg ∂′ = (−1, 0),deg ∂′′ = (0,−1) and ∂′∂′′ = ∂′′∂′ (which are not at all restrictive).

Let T = (Tn) denote the total complex. We have Tn =
⊕

p+q=n Fp ⊗ Cq. The differential ∂ is defined by,

∂|Fp ⊗ Cq = ∂′ + (−1)p∂′′
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The first and second filtration are filtrations of the total complex defined as follows

Ip(T ) =
⊕
i≤p

Fi ⊗G Cn−i

IIp(T ) =
⊕
j≤p

Fn−j ⊗G Cj

We apply general spectral sequence techniques to these filtrations (see for example [Rot08], Chapter 10).

First Filtration

(Page 1) Ip/Ip−1 leaves only the pth column, and thus only the ∂′′ part of the differential. Therefore E1 is the
‘vertical homology’

E1
pq = Hq(Fp ⊗G C∗)

and the differential d1 on E1 is induced by the map ∂′ : Fp ⊗G C∗ → Fp−1 ⊗ C∗.

Since F is a projective resolution, we have that Fp ⊗G − is exact, and thus

E1
pq = Hq(Fp ⊗G C∗) = Fp ⊗G Hq(C∗)

(Page 2) Now we take homology with respect to d1 (induced by ∂′)

· · · d1←−−−− E1
p−1,q = Fp−1 ⊗G Hq(C)

d1←−−−− E1
pq = Fp ⊗G Hq(C)

d1←−−−− · · ·

But this recovers exactly the definition of group homology with coefficients in Hq(C),

E2
pq = Hp(G,Hq(C))⇒p Hn(G, C)(= HG

n (X))
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Second Filtration
We just focus on the first page. IIp/IIp−1 just leaves the pth row

· · · ∂′′←−−−− Fq−1 ⊗G Cp
∂′′←−−−− Fq ⊗G Cp

∂′′←−−−− · · ·

and so get E1-page by taking ‘horizontal homology’, i.e., homology with respect to d0 = ∂′′,

E1
pq = Hq(F ⊗G Cp) = Hq(G,Cp)⇒p Hn(G, C)

To further analyze this we turn to some rudimentary results concerning induced modules.

2 Induced Modules and Shapiro’s Lemma

H ≤ G, M an H-module, then IndGHM = ZG⊗ZH M .

Induced modules admit a nice decomposition: H acts freely on G so ZG is a free ZH-module. Let E be
a(ny) set of coset representatives, then

IndGHM = ZG⊗ZH M = ⊗g∈E(g ⊗M)

Note that g ⊗M ∼= M via g ⊗m 7→ m. We have

Proposition 2.1 ([Bro82], pg.67). The G-module IngGHM contains M as an H-submodule, and is a direct
sum of the transforms gM where g ranges over a(ny) set of representatives of left cosets of H in G.

IndGHM =
⊕

g∈G/H

gM

There is a converse to this, and that’s what we’ll be using: Let N be a Gmodule which decomposes as
⊕i ∈ IMi, and suppose G acts transitively by permuting the summands Mi. We then have the following

Proposition 2.2 ([Bro82], pg.68). Let M = one of the Mi, and H = isotropy group of M ≤ G. Then M
is an H-module and

N = IndGHM

Example. Let X be a G-CW complex with cellular chain complex C = (Cn(X)), i.e., we have

Cn(X) =
⊕
n-cells

Z

The summands are permuted by the G action, and hence

Cn(X) =
⊕
σ∈Σn

IndGGσ Zσ

where

1. Σn = set of representatives of Xn/G

2. Gσ = isotropy group of σ

3. Zσ = orientation module associated to σ, that is, the G action is twisted by the orientation character:
g ∈ G acts by ±1 depending on whether orientation is preserved or reversed)

Finally, a very useful result known as Shapiro’s lemma

Theorem 2.3 (Shapiro’s Lemma, e.g.,[Bro82], pg.73). H ≤ G, M an H-module then

1. H∗(H,M) ∼= H∗(G, IndGHM)

2. H∗(H,M) ∼= H∗(G,CoindGHM)
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We return to the spectral sequence obtained from the second filtration,

E1
pq = Hq(F ⊗G Cp) = Hq(G,Cp)⇒p Hn(G, C)

For generality we incorporate coefficients. Let Cp = Cp(X,M) = Cp(X)⊗Z M .

For each p-cell σ ∈ Xp, we have a Gσ-module Mσ = Zσ ⊗M (where Gσ acts by orientation character).
There is an (additive) decomposition,

Cp(X,M) =
⊕
σ∈Xp

Mσ

The proposition above gives,

Cp(X,M) =
⊕
σ

IndGGσ Mσ

Applying Shapiro’s lemma gives

E1
pq = Hq(G,Cp(X,M)) = Hq(G,

⊕
σ

IndGGσ Mσ)

=
⊕
σ

Hq(G, IndGGσ Mσ)

∼=
⊕
σ

Hq(Gσ,Mσ) by Shapiro’s lemma

and thus
E1
pq =

⊕
σ

Hq(Gσ,Mσ)⇒p H
G
n (X,M)

Example. (Free G-action)
Suppose each Cp is a free G-module (or more generally is H∗-acyclic). We have that E1

pq = Hq(G,Cp) and
thus

1. If q 6= 0 then E1
pq = 0 (by H∗-acyclicity!!)

2. If q = 0 then E1
pq = (Cp)G

Theorem 2.4 (Cartan-Leray Spectral Sequence). If X is a free G-complex then there is a spectral sequence
(called the Cartan-Leray spectral sequence) of the form

E2
pq = Hp(G,Hq(X))⇒p Hn(X/G)

Proof. Take M = Z for simplicity. G action free ⇒ Gσ = {1}. From the example above we have that the
equivariant homology spectral sequence collapses at the E2-page, thus

HG
∗ (X) = H∗(C(X)G) = H∗(X/G)

The spectral sequence arising from the first filtration has the same abutment, hence we obtain the result.
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